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1. Introduction

Consider a real 2m-dimensional Kaehlerian manifold denoted like M*™ is prepared with a set of
coordinate neighborhoods {Usx™}, in using indices M. % J. ete., which range {1.2...,2m} and m-
dimensional Riemannian manifold (M™), prepared with a set of coordinate neighborhoods Vi ¥},
in the indices @ b,c,..etc, at range {12,...n} an almost complex structure tensor F? and a

Hermitian metric tensorii. Then, we have obtained:
FiF} =— 8], FiFige: = gy (1.1)
h
V;Fi =0, (1.2)
Vj represents the operator for covariant differentiation, which operates in relation to the Christoffel
rh

symbols * 7, constructed using the metric tensor i,

If M"™ s isometrically fixed within M*™ during the immersion map i:M"™ =M™ and we
recognizei(M™) by M™ tself. Also, we describe this immersion as* =x"(3) and

. h_ B b n.. . . -
define By = @sx" 8, = /8y whichare  linearly independent lie tangent to M™ within the larger
manifold M>™. Since the immersion i preserves distances, we can express this as follows:

9eb = 9;iBLB} (1.3)
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h -
Again, if € 1 (2m— ”}equally orthogonal unit normal to M" in the indices . ¥.Z, --path ended the
range {n+1,m +2,...2m} Hence Guass equation is:

V.B} = h5,Ch (L4)

h
Here, Ve represents the symbol of covariant differentiation along M" and using I derived form Gii,
along with Iy formed using b, Additionally, we have the second fundamental tensors hey of
M™ concerning the normal vector C}} and Weingarten tensors.

?rck == h?xﬁg, (15)

Also, if f=x is metric tensor of the regular bundle, then we get:
h?x = :'Elxgba = hibgbagrxi (gbu.) = (gba}_i,
If F change any vector lie tangent to M" . then results in another vector that remains tangent to

M", it implies the existence of a type (1,1 tensor field denoted as /5 on M™, That is M" is invariant

. . . h
in M*™ , When it comes to transformations performed by £ or the normal Cy , We come upon
equations that are structured like so:

hoi [
F/Bj, = f3B:, FuByCE =0, where Fin = Figa, (1.6)

hei — gxph
FiCy = f5Cx, @7

We put fyx= ffrﬁrr, then we have fyx == Fay-
From (1.1), (1.3), (1.6) and (1.7), we easily see that:
fife =— &, fﬁfgged = Gecb. (1.8)

f3fz =63, (1.9)

Differentiating (1.6) and (1.7) covariantly along M" and using (1.2), (1.4) and (1.5), we find:

V.fn =0, (1.10)
Vofy =0, (1.11)
huf3 = h&fi (1.12)

Thus, equations (1.8) and (1.10) show thatM" is also Kaehlerian manifolds. Moreover, it follows from
(1.12), that is, M™ is minimal, then we get:

hz, =0, (1.13)
Using (1.8), (1.9) and (1.12) we easily verify that:

B, =— hE.fEf3 . (1.14)

The Equations of Gauss and Codazzi for the submanifold M" are expressed as follows:
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K&, = K};BRBLBLBS + hichly — hichi, (1.15)
K} BSBLBLCE — (Vahi — Voh) =0, (1.16)

Where Kgcb is the curvature tensor of M,

Lastly, we establish a useful identity on a Kaehlerian manifold M, that is:
1 g - I
Ef(‘ fg-‘;"-reda = hah' (117)

2. Infinitesimal Variation of Invariant Submanifolds.

We examine an infinitesimal variation of the invariant submanifold M"within the context of the
Kaehlerian manifold M~™ thus
=2 + 8Os 2.1)

Here £"(¥) represents a vector field on M*™ defined along M™ and € is an infinitesimal. Then we
get:

By = By + (9¢")s 2.2)
Bh _ 3 =h . . .
Here, we have By = 95X" which represents a set of linearly independent tangent vectors on the
. . h . .
perturbed submanifold. We proceed to displace these Bivectors in a parallel, transitioning them from

their positions at the perturbed point (ih] to the reference point (xh] This displacement leads to the
derivation of new vectors. We get:

B} = Bl + Th(x + £)¥Bi,

And at the point (xh} then:

Bh h h

By = By + (Vy¢")e, (2.3)
Disregarding higher order terms with respect to £: we get:

Vit" = 08" +TLBE (2.4)

E
Throughout the discussion, we consistently disregard terms beyond first order concerning . As a
result, we can express this as follows:

8B} = B} — B, 2.5)
We have from (2.3)

h h
8B, = (Bp&')e. (2.6)
Putting:
& =Bl + &°CL, 2.7)
We have
Vigh = (Vu8® — h§, &%) BL + (Ved™ + h3.8°) C (2.8)

Because of (1.4) and (1.5).
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ol _ . ] .
Now, let Cy represent (2m—n) mutually orthogonal unit normals to the varied submanifold,

obtained by parallel displacement from the point (fh} to (xh} In this context, we obtain:

Ch=Th +Th(x +&2)&The. 2.9)
We put
h _ ®h _ ~h
8Cy =0y —Cy (2.10)
ack .
And assume that “~» is of the form
5Ct = nhe = (BBE +nich)e. (2.11)
Then, form (2.9), (2.10) and (2.11), we have
Ch = C) —TCye + (n3BL + 5 Ch)e. (2.12)

Applying the operator & to Bif}gﬁ =0 and using (2.6), (2.8), (2.11) and 89;: =0, we find
(vb‘fy + hhay‘);a} + ?’j'yb = []J
Where &y = & 8zy and My = M5Gebr o

a _— a a rb
g =— (Vg + hi, &), (2.13)
Where V*=g%V,. and & is CyCx05i = Oyx and then (2.11) and 895 = 0. we find
Nyx + Mxy =0, (2.14)

Where Tyx = 30z
We assume that the infinitesimal change given by (2.1) remains constant on an invariant submanifold,
then
h i . I wh
F{(x + &2)B} are linear combinations of Eb. (2.15)
h _
Then, using ViFi =0 gpg (1.6), we see that
Flx + &2)B, = (FI + #8,Fl¢) (B, + 8,¢'c)
= [F} — §(T}Ff - T3F1)e] (B + 058'e)
= F{"By + (F."V 3¢ — f3T} BJE)e
That is, by (2.2)
Fi(x + £2)B, = f3B) + [F. V&' — £3V,&< (2.16)
Or, using (2.8),
- =5 fo(VyE + h§ E%)B e
F*(x + ), = ngah_'_fe[ pE® + 15 £*)B, 2.17)
+{:Tllr b‘fy + hi_m y‘fa]fyxths_ fha(? a‘fe - haex‘fx] Ee hE - fbe(? e‘-fx + hec' xff)ths .
Thus (2.15) is equivalent to

(V8 + &) f5 = F5(V8 + hELT) (2.18)
Or, by (1.12), to
(Ve&)f5 = F3(V.8). (2.19)

Now, we can state the following theorems:

Theorem 2.1 To establish an infinitesimal variation as complex, then both Necessary and sufficient
.. h . .
for the variation vector ¢ satisfy equation (2.19).
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Theorem 2.2 If a vector field ‘fh induces a complex variation, then a Vector field ‘f”‘ with an

o h -
identical normal component as £ possesses the same characteristic.
Proof: Consider an infinitesimal variation described by equation (2.1), which changes a submanifold

dl"f?1 = Ih[}’} into another submanifold X" =" (), while maintaining the parallelism of the tangent
space of the original submanifold at (xh] and the perturbed submanifold at the corresponding point

(ih). In this case, we pass on to this perturbation asa parallel variation, as deduced from equations
(2.5), (2.6), and (2.8).

Bt = [87 + (V5" — 1§ 8%)e| BE + (Vo™ + hi,£°)Chs, (2.20)
Here, an infinitesimal variation to be parallel, it is necessary and sufficient condition that
Vpd™ + hp.€° =0. (2.21)

If condition (2.21) holds, then it implies the satisfaction of condition (2.19),
Consequently, we can conclude:
Theorem 2.3 A parallel variation necessarily qualifies as a complex variation.

3. Infinitesimal Holomorphic Variations of Invariant Submanifolds of almost Kaehlerian
manifold:

Suppose that an infinitesimal variation V=t g carries an invariant submanifold transforming
it, implies undergoes a complex variation. We get:

Fi*(x +¢2)B}, — (f + 0fDBL (3.1)

We have from (5.17) and (5.18)

8f5 = [(Vot® — h5, &%) f2 — F3(V.8° — hid¥)]e. (3.2)

From this fact we conclude following points:

(1) Assuming to an infinitesimal variation is complex.
Therefore, express the variation of fi using equation (3.2).
We establish the definition of Tcb as follows:

Top = Vs — FofiVoEq — 2hpf™. (3.3)

Equations (3.2) and (3.3) imply that f5 =0 s equivalent to Tz =0 because of (2.8) and (2.14).In
the presence of a complex variation that maintains the integrity of fE, we label it as holomorphic.
According to equations (3.2), (3.3) as well as the remark provided earlier, then

(i) A complex variation is deemed holomorphic iff observe
of Vel —RiET with 15, that s,
(Vp& — h5,8¥)f2 — F3(Ved® —h&&) =0 or equivalently  Tes =0.
Hence, relating the operator & to (4.3) with using (5.6), (5.8), 69;: =0, Then:

8G9 = (Voko— Vols — 2hennd™)s (3.4)
From which:
sgbe =— (V2m + Vagb — 2129)s, (3.5)
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A variation applied to a submanifold that results in 95 = 0 is termed “isometric” whereas

when 99:b is proportional to Geb, it is referred to as “conformal”. Consequently, we can conclude

that:

(iii) To be consider eudiometric or conformal, a variation of a

submanifold must meet both necessary and sufficient conditions such that:

Vely + Vil — 2hp, £ =0, (3.6)
Or
Vel + Vile — 2hepol™ = 229 ot (3.7)
Respectively, 4 is a specific function that is defined as:

1
A= (Veg" — h5E”). (38)
We now put:
I, = (8.Bh + T (¥)B.B}) B} (3.9)
And

oTg, = Tey — e
Here, Tes represents the Christoffel symbols associated with the warped submanifold.
From (2.2) and (2.20) and (3.9), we obtain:

8T8 = [(VVse" + Kl;id*BLBL) BS + iy (Vo + hat?)]s (3.10)

From this, utilizing Gauss’s equations (2.15) and Codazzi’s equations (2.16) for the submanifolds,

we obtain:
8T%, = (V V&% + K9,38%) e — [Vo(hperd™) + Vi (Ronf®) — ?efhcaxf"?l]g"“s, (3.11)

Because of (1.8), A submanifolds variation is classified as affine when 6Tz, =0,
Now, we have the following:

Theorem 3.1 A complex isometric variation of a compact invariant submanifold M" within a

Kaehlerian manifold requires a fundamental holomorphic structure.

Proof. Considering equations (1.14), (3.3) and (3.6), we obtain the subsequent inter connections:

Tep + fif5Ted =0, (3.12)
Tep+ Ty =0 (3.13)
And hence

hPE T, =0. (3.14)

We now calculate Trhi“"b; then by using (3.13), we get:
T4T = 2T (T — Ty
Again, by using (3.3), (3.14) and (3.12), we get:

1
T = 55"‘"?’ [Ve&s —Vige — Fifi(Vela — Valo)] = 2TV,

(3.15)

Conversely, when we operate on equation (3.3) with the operator V¥ and make use of the

condition V:f% =0, we find:

1
VT ey = VIV, — gf‘""’fﬁ (VeVela — VoVely) — 2V (heped™),
From which, using the Ricci-identity,
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1
VT = VIV + gf“?ﬁf KZeafa — 2V (hepad™),
Also, by using (1.17), we get:

VT oy = VVely + K5da — 2V (hepad™). (3.16)
Confirming that an isometric variation is indeed affine, we consequently establish that:

VoVpd® + Ky d® — [Vo(hE™) + Vi(hEd™) — Vo (hep) | =0

Because of (3.11), from which:

V&% + K384 — 2V (heE%) =0

Because of (1.13). Therefore, VT, =0, From this fact and (3.15), we get:
V(Tae”) = ;Tm T

By integrating this expression over the manifold M" we observe that Te» =0, leading to the

conclusion that the variation is holomorphic, as indicated in (ii). This concludes the proof.
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